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Abstract
Usually we consider the symmetry of action as the symmetry of the
theory, however, in the Keplar problem the scaling symmetry existing in
equation of motion is not the ones for action. It changes the multiplicative
constant of action and the time boundary. In such a case that the scale
transformation does not leave the action invariant but keeping the equa-
tion invariant, the following statement is proved. The time integration of
Lagrangian is explicitly performed and the action can be expressed by the
difference of formal (non-conserved) Noether charges at time boundaries.
In field theory the action can be expressed by the boundary integration
of the formal Noether current.
1 Scale invariance and Keplar motion
The scale transformation of dynamical systems is widely used and discussed for
a long time. The well known phenomena in classical mechanics is the Keplar’s
third theorem and the law of similitude for flow. In the high energy physics the
Bjorken’s scaling law is well established fact [1], and further discussions depend-
ing on the renormalization group equations are essentially coming from the scale
transformation. The essential property of fractals is also the scale invariance.
When the theory is called scale invariant, there are two different meanings. One
is the invariance of equation of motion, another one is the invariance of action.
Even if the action changes its value by multiplicative constant, the equation
of motion is invariant. Therefore there are the transformations which make
equation invariant and changes the action as discussed above [2]. One example
is the scale transformation of Keplar problem which will be seen later clearly.
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Generally the invariance of equation holds when the invariance of action holds,
but the opposite is not true. This is discussed in simple models by K.Cornelius
[3]. In this paper we discuss the scale transformation of dynamical systems,
where the equation is invariant but not the action. We show in such a situation
the action becomes the functional on the boundary similar to the topological
field theory.
Keplar motion is understood by the equation as
d2r
dt2
= −
kr
r3
, (1)
which is invariant under the scale transformation:
r→ r′ = αr, t→ t′ = α3/2t. (2)
The related Lie transformation is given by
r(t)→ r′(t) = αr(α−3/2t). (3)
Both keep the equation invariant, which is well known as the Keplar’s third
theorem. However, the action
S(Tf , Ti) =
∫ Tf
Ti
dt [
1
2
(
dr
dt
)2 +
k
r
], (4)
changes into the form:
S′(Tf , Ti) = α
1/2S(α−3/2Tf , α
−3/2Ti). (5)
Therefore the scale symmetry does not hold in the action. This is also known as
the “Dynamical similitude” discussed by Landau and Lifshitz [2]. It should be
stressed that this kind of phenomenon also occurs in type IIB string theory [4].
For one equation of motion, corresponding action is not unique. The additional
degree of freedom of action giving the same equation of motion is the multi-
plicative constant and boundary. This explains our result for Keplar problem.
Therefore we can generally suppose the following point. If we have the invariant
equation of motion under the scale transformation:
qi(t)→ q′i(t) ≡ αqi(α−dt), (6)
Then the related action should be changed in the following way:
S′(Tf , Ti) = α
2−dS(α−dTf , α
−dTi). (7)
This is because the action has dimension [L]2[T ]−1.
2
2 General scale invariant theory
Now we consider the formal Noether charge corresponding to the infinitesimal
transformation α = 1 + ǫ.
δS ≡ S′(Tf , Ti)− S(Tf , Ti) =
∫ Tf
Ti
dt[δqi(
∂L
∂qi
−
d
dt
∂L
∂q˙i
) +
d
dt
(
∂L
∂q˙i
δqi)]
= ǫ[Q(Tf)−Q(Ti)], (8)
where Q is the Noether charge defined by
Q ≡
∂L
∂q˙i
δqi
ǫ
. (9)
On the other hand, δS can be expressed as follows.
δS ≡ S′(Tf , Ti)− S(Tf , Ti) = α
2−dS(α−dTf , α
−dTi)− S(Tf , Ti)
= (1 + (2− d)ǫ)S((1 − dǫ)Tf , (1− dǫ)Ti)− S(Tf , Ti)
= (2− d)ǫS(Tf , Ti)− dǫ[TfL(Tf)− TiL(Ti)]. (10)
Therefore we obtain the equality
(2− d)S(Tf , Ti) = [Q(Tf ) + dTfL(Tf )]− [Q(Ti) + dTiL(Ti)]. (11)
If the action is invariant under scale transformation up to the boundary (d=2),
the conserved charge is
Q˜(t) ≡ Q(t) + dtL(t). (12)
Using this replaced Noether charge, our result is
(2− d)S(Tf , Ti) = Q˜(Tf)− Q˜(Ti). (13)
In the case of Keplar motion, d = 3/2 and
Q˜ = r · r˙−
3
2
tr˙2 +
3
2
t(
1
2
r˙
2 +
k
r
)
is the charge. Then we have
S = [
dr2
dt
]
Tf
Ti
− 3E(Tf − Ti), (14)
where E is the total energy. In this way the action becomes the difference of
formal Noether charges at time boundaries.
3
3 Field Theory
The extension to the field theory is straight forward. Let us work with the
action in D-dimensional space time.
S =
∫
Ω
dDx [
1
2
∂µΦ∂
µΦ − V (Φ) ], (15)
while the equation of motion takes the form as
∂2Φ + ∂ΦV (Φ) = 0. (16)
Suppose that the equation of motion is invariant under the scale (Lie) transfor-
mation
Φ(x) → Φ′(x) ≡ αΦ(α−dx). (17)
Then we have relation
V (Φ)→ α2−2dV (Φ),
which leads to the change of Lagrangian density
L(Φ(x))→ α2−2dL(Φ(α−dx)).
So we obtain
S′[Ω] = α2+(D−2)dS[Ω′], Ω′ = α−dΩ. (18)
Then we have the relation as we have done before,
δS[Ω] = S′ − S = (1 + {2 + (D − 2)d}ǫ)(S[Ω]− ǫ
∫
Ω
dDx∂µ(dLx
µ))− S[Ω],
= ǫ[{2 + (D − 2)d}S[Ω]−
∫
Ω
dDx∂µ(dLx
µ)]. (19)
And has another form
δS[Ω] =
∫
Ω
dDx[δΦ(
∂L
∂Φ
−
∂
∂xµ
∂L
∂Φ,µ
) +
∂
∂xµ
(
∂L
∂Φ,µ
δΦ)]
= ǫ
∫
Ω
dDx∂µJ
µ(x), (20)
where Jµ ≡ ∂L∂Φ,µ
δΦ
ǫ . At last, we come to the final form
{2 + (D − 2)d}S[Ω] =
∫
Ω
dDx∂µJ˜
µ = Q˜(Tf )− Q˜(Ti), Q˜ ≡
∫
dD−1x J˜0(x).
(21)
4
The last equality holds when the spatial boundary is negligible. The redefined
Noether current is defined by
J˜µ =
∂L
∂Φ,µ
δΦ
ǫ
+ dLxµ,
=
∂L
∂Φ,µ
(Φ− dǫxµ∂µΦ) + dLx
µ,
=
∂L
∂Φ,µ
δ˜Φ− T µν δ˜x
ν , (22)
where δ˜ is the infinitesimal transformation
δ˜Φ ≡ [αΦ− Φ]/ǫ = Φ, δ˜xµ ≡ [αdxµ − xµ]/ǫ = dxµ,
and T µν is the well known canonical energy momentum tensor defined by
T µν ≡
∂L
∂Φ,µ
∂νΦ− Lδ
µ
ν .
Therefore we again obtained the relation that for the scale transformation which
makes equation of motion invariant but changes action, its action equals to the
boundary integration of formal (non-conserved) Noether current.
4 Discussion
We have shown the action becomes the boundary integration of formal (non-
conserved) Noether current when the scale transformation makes equation in-
variant but changes its action. Our program holds in many scale invariant
(equation) theories. But our method depends on the on-shell condition, that is,
our boundary valued action is essentially classical. So we can not use it for the
full quantum theory, but may be applied for the WKB method and the theory
of instantons. The application to the type IIB string theory is also the inter-
esting target, where the rescaling symmetry changes the action with setting the
equation of motion invariant. These are still open problems.
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